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A new approach to expanding the “Stuckelbergized” fiducial metric in a covariant manner is developed. 
The idea is to consider the curved 4-dimensional space as a codimension-one hypersurface embedded in a 5- 
dimensional Minkowski bulk, in which the 5-dimensional Goldstone modes can be defined as usual. After 
solving one constraint among the five 5-dimensional Goldstone modes and projecting onto the 4-dimensional 
hypersurface, we are able to express the “Stuckelbergized” fiducial metric in terms of the 4-dimensional Gold¬ 
stone modes as well as 4-dimensional curvature quantities. We also compared the results with expressions got 
using the Riemann Normal Coordinates (RNC) in Gao et al [Phys. Rev. D90, 124073 (2014)] and find that, 
after a simple field redefinition, results got in two approaches exactly coincide. 


I. ITRODUCTION 


Attempts to explain the primordial and late time accelerat¬ 
ing expansion of our Universe stimulate the study of theories 
beyond general relativity (GR) with a cosmological constant 
(see 111121 for reviews and Q for a short introduction). Such 
theories typically contain additional degrees of freedom to the 
two tensor modes of GR. Instead of introducing extra fields by 
hand, one approach to these new degrees of freedom is to con¬ 
struct effective theories with less gauge redundancies compar¬ 
ing with GR. This can be achieved most straightforwardly by 
introducing a fiducial metric which does not change un¬ 
der the coordinates transformation and thus explicitly breaks 
the general covariance. 

If is degenerate and has only one nonvanishing time¬ 
like eigenvector, one gets the effective field theory (EFT) of 
inflation^ lltl and recent so-called “theories beyond Horn- 
deski” Oa 12, where the time diffeomorphism is broken and 
thus generally an additional scalar mode arises isl-fl^. Spa¬ 
tial symmetries may be broken by considering with non¬ 
vanishing spacelike eigenvectors. If the number of nonvanish¬ 
ing spacelike eigenvectors is equal to the spatial dimension, 
one arrives at some sort of massive gravity theories (typically 
Lorentz-violating, e.g. cmii). A nondegenerate f^i, breaks 
all spacetime symmetries, through which a Lorentz-invariant 
massive gravity can be constructed lfl2 (see ifTii [fsll for re¬ 
views). In this note, we concentrate on the case of a nonde¬ 
generate 

The fiducial metric /^i,, whose existence breaks the general 
covariance explicitly, can always be thought of as the “gauge- 
fixed” version of some covariant tensor field. This is just the 
idea of gravitational Stiickelberg trick, which dates from d 
[l2 in the study of open string theory. We may promote the 
fiducial metric as din 


Uu -J- fn.v{x) = fab{(l){x)) 


d(j)°‘{x) d(j>^{x) 
dx>^ dx’^ 


( 1 ) 


where the “Stuckelbergized” fiducial metric transforms as 
a tensor as long as each of the four (we are working with 4- 


dimensional spacetime) Stiickelberg fields {</>“} transform as 
scalars under a general coordinates transformation of space- 
time. The fixed is recovered by choosing the so-called 
“unitary gauge” with (/)“ —>■ In practice, we may ex¬ 

pand the Stiickelberg fields around the unitary gauge and con¬ 
centrate on the behavior of their fluctuations lll2 

r - s;x>^ = ( 2 ) 

When the fiducial metric is flat, it has been well-known 
that in the so-called decoupling limit (some limit of energy 
scales where the interactions among different types of degrees 
of freedom get simplified), defined in (l2]i behaves as a 
spacetime vector. In this case, we can fix a gauge in which 
the helicity-1 and helicity-0 parts of the graviton are encoded 
in^-^ d]. It is just in this way that the Boulware-Deser ghost 
can be seen most transparently j^l^ . This argument, 
however, cannot be simply applied to a general fiducial metric 
First, naively plugging® into ([T]) would inevitably yield 
noncovariant expression s 1^122 . More seriously, as was 
well explained in ll^l^l26l] . tt,, defined in ® is not a vector 
and does not capture the helicity-1 and helicity-0 modes of the 
graviton correctly, either when going beyond the decoupling 
limit or when the fiducial metric has curvature. 

This problem was systematically solved in by employ¬ 
ing the the Riemann Normal Coordinates (RNC), where a co¬ 
variant formulation of the Stiickelberg expansion with a gen¬ 
eral fiducial metric was developed. A decoupling limit analy¬ 
sis similar to the case of a flat fiducial metric was consistently 
performed in JM, where the helicity modes can be charac¬ 
terized correctljy. On the other hand, when dealing with the 
de Sitter fiducial metric, an alternative approach to the covari¬ 
ant Stiickelberg expansion was developed in j^ . The idea 
is to embed the c?-dimensional de Sitter space into a (d -f 1)- 
dimensional Minkowski background, in which the Goldstone 
modes can be identified as in ®. Then by projecting to the 
d-dimensional de Sitter space, ([1]) can be expanded in terms of 
the correct helicity modes in d dimensions, in a covariant man- 
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^ See also (2%[30h for related progresses on the Stuckelberg analysis and 
decoupling limit of massive gravity around a general background. 
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ner. The purpose of this note, is to develop this technique fur¬ 
ther, and more systematically, by considering a general fidu¬ 
cial metric. 

This note is organized as follows. In Sec|IIl we briefly re¬ 
view the main results in ll^ on the covariant Stiickelberg 
expansion based on RNC. In SecHII] we establish the basic 
formalism of embedding the 4-dimensional curved space into 
a 5-dimensional Minkowski one, and determine the “covari¬ 
ant” Goldstone modes in the 4 dimensions. In Sec lIVI we de¬ 
rive the covariant expansions for the fiducial metric in terms 
of 4-dimensional quantities, and compare them with the cor¬ 
responding results in 1^ . Finally we briefly summarize in 
SecIV] 

II. COVARIANT EXPANSION BASED ON THE RIEMANN 
NORMAL COORDINATES 


where is the n-th order Lie derivative of with re¬ 

spect to TT^. Straightforward calculations yielcH 

/WRNC ^ (7) 

^(2)RNC ^ (8) 

, (9) 

/(4)RNC ^ 

+ ^Vpi?„/3<7(pV^)7r“7r^7r'’7r'" 

( 10 ) 

Please note in deriving dSt-lfTOli. = 0 is used, since 

TT^ is the tangent vector of geodesics. 


In Jt^I, the Riemann Normal Coordinates (RNC) was em¬ 
ployed to derive covariant expressions for the Stiickelberg ex¬ 
pansion in the presence of a general fiducial metric0. The idea 
is to consider a one-parameter family of diffeomorphisms of 
the spacetime with parameter A; 

(j)x : p (j)x{p), (3) 

where p is a given spacetime point. The Stiickelberg fields at 
point p are defined as the coordinate values of its image (j)x {p) 
with A = —1: 


= (4) 

The “covariant” Goldstone modes are thus defined as the 
standard RNC’s of the image point (/)_i(p), i.e., the tangent 
vector of the geodesic at point p connecting p and its image 
'/'-i(p): 



where Xq = x^\^, and F^^ is the Christoffel symbol associ¬ 
ated with /py. Comparing with (|2l), (|3 also implies a nonlin¬ 
ear relation between 7fp and tt^. 

By plugging (|5]l into ([T]) and carefully dealing with the 
Christoffel symbols and their derivatives, it is possible to ex¬ 
pand the “Stiickelbergized” fiducial metric covariantly in 
terms of tt^, R^vpa as well as their covariant derivatives (with 
respect to fpv)- An equivalent and more convenient approach, 
is to evaluate (see 112^ for details) 

/p. = 

n=0 

= E«i> 

n=0 


III. STUCKELBERG BY EMBEDDING 


A different approach to the covariant Stiickelberg expan¬ 
sion was introduced in 0 in the study of massive gravity on 
de Sitter background. This approach is based on the obser¬ 
vation that the d-dimensional de Sitter space can be embeded 
into a (d-l-1)-dimensional Minkowski one, in which the Gold¬ 
stone modes can be identified easily as in (|2l) and the Stiick- 
elberg expansion of the fiducial metric can be performed as 
usual. Then the d-dimensional quantities can be got, in a co¬ 
variant manner, by simply projecting the (d + 1)-dimensional 
ones onto the d-dimensional de Sitter space. 

In general, to embed an arbitrary d-dimensional space into 
a (d -f l)-dimensionaI Minkowski one is not always possible. 
While as the first attempt, in this note, we restrict ourselves to 
the subclass of 4 dimensional metrics which can be embedded 
(at least locally) into a 5 dimensional flat bulk. In this case, 
the corresponding Stiickelbergized fiducial metric is given by 

^ dx^dx^ 

( 11 ) 

where with M = 0,1, 2, 3,4 are Cartesian coordinates 

of the 5-dimensional Minkowski space. As we shall see, in the 
5-dimensional flat bulk, the unitary gauge and the decomposi¬ 
tion of the Stiickelberg fields can be performed in a standard 
manner. All the subtleties are thus in the projection from 5 
dimensions to 4 dimensions. 

It is convenient to introduce another set of coordinates {x °'} 
for the 5-dimensional Minkowski bulk such that its metric 
takes the form 

ds^ = t)abdx°'dx^, (12) 


with 


f)a6 (a;) = dMAT 


dX^ (a;) dX^ jx) 
dx°- dx^ 


(13) 


^ This is in fact a standard approach in order to define perturbations “covari¬ 
antly”, as in the well-known background field method (SlIl . For massive 
gravity, RNC was also suggested in (l^l (footnote 5). 


^ Note in jU, were evaluated only up to the cubic order in ttP. 

Here we also evaluate for late convenience. 
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XT <■ 1 u uab (x) dX’^ (x) mN 

Note we also have f) — ' = rj , 

The embedding of the 4-dimensional hypersurface into 
the 5-dimensional bulk can be parametrized by a constraint 
among coordinates {X^}: 

$ {X^) = 0, (14) 


for short. In this unitary gauge, the normal vector to the hy¬ 
persurface is given by, in {X^}-coordinate: 

= ^ ’ (22) 

and in {a;“}-coordinates: 


which is a scalar function under diffeomorphism and global 
Lorentz transformation of {X^}. Since the hypersurface 
is codimensional one, its normal vector (with normalization 
umtin = 1) is thus given by 

UM = (15) 

with Dm = d^/dX^ and 


ria = {0, • • • ,0, ny] = {0, • • • , 0, iV} . (23) 

The induced metric on the hypersurface ( fTTI i thus becomes 

hab = f)a6 - naTlb- (24) 

B. Goldstone modes on the hypersurface 


N= , ^ (16) 

Here the sign of um is chosen to be compatible with the fact 
that Um is spacelike, such that the induced metric on the 4 
dimensional hypersurface 

hMN = Vmn — nMnN, (17) 


is Lorentzian. 


A. Unitary gauge 


Up to now, the formalism is quite general. We can now 
fix a gauge (unitary gauge) by choosing a specified mapping 
between the two set of coordinates; 

^ X^ = X^ (x), (18) 

which corresponds to a special choice of {x“}-coordinates 
adapted to the embedding, i.e., 

{x“} = {x^ 2 /}, with p = 0,l,2,3, (19) 


such that the metric of 5-dimensional bulk in this particular 
{x“}-coordinates takes the form 

ds^ = ^abdx°‘dx^ 

= ff,^dx>^dx‘' + 2Nf,dxi^dy + (iV^ -p Nf,m)dy^, (20) 

where is just the fixed induced metric on the hypersur¬ 
face, which we treat as being given beforehand. In (l20l i we 
write t}ab in order to emphasize it is the expression in the uni¬ 
tary gauge. It is always possible to choose y-coordinate to be 
normal to the hypersurface so that 1)^^ = Ny, = 0. Here we 
keep Ny ^ 0 for generality, while as we shall see later, all the 
contributions from Ny drop out in the final expressions. At 
this point, keep in mind that N and Ny must be determined 
by fy,y in order to make sure that i}ab is indeed describing a 
flat space. 

In the following, we use 


e 


M 

a 


dX^ (x) 


( 21 ) 


Deviation from the unitary gauge can be achieved by choos¬ 
ing a different mapping i— X-^, which is parametrized by 

X^ (x) = X^ (x) - TT^ (x), (25) 

where (x) are five Goldstone modes in the 5-dimensional 
bulk. Note (1251 ) is simply a copy of Now comes the cru¬ 
cial point. Since the 4-dimensional hypersurface is treated as 
being fixed and thus nondynamical, all gauge choices should 
satisfy the constraint (fT4l i. That is, we must have 

$ (X^ {x) - TT^ (x)) = 0, (26) 

which eleminates one degree of freedom among the five Gold¬ 
stone modes tt^. Thus we are left with only four gauge 
modes, as is expected. This is different from the case where 
the hypersurface is dynamical (e.g. galileons from induced 
metric lH^-H^), where the position of the hypersurface be¬ 
comes a dynamical variable, which cannot be gauged away. 
The components of ttm in {a;“}-coordinate read 

TTa = VMNe^TT^ = {TTy,TTy}. (27) 


Equivalently, we may write 




O 'TT — ■ 7 r“ 

-"A* 


■'V 


For later convenience, we also define 

'K'^ = = naX°' = ny-n'^ = TVtt^. 


(28) 

(29) 


From the 4-dimensional point of view, it may be convenient 
to choose the four Goldstone modes to be tt^, i.e., the direct 
projection of tt^ on the hypersurface. The crucial point is, 
TT-*- must be determined by through the constraint (l26l) as 

TT"*- = TT-*- {-K^) , (30) 


which is a scalar under {x^} reparametrization. The embed¬ 
ding of the 4-dimensional hypersurface as well as the defini¬ 
tion of 5-dimensional and 4-dimensional Goldstone modes are 
illustrated in FigH] 

In general, we may solve in terms of perturbatively. 
To this end, we expand ( l26b around $ (X) = 0, which yields 


EM) 




TT 




= 0 . 


(31) 


dx' 


dX^T ... dX^T 
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FIG. 1. Illustration of the embedding of the 4-dimensional hypersur¬ 
face into the 5-dimensional Minkowski background and the defini¬ 
tion of Goldstone modes. 

In { -coordinate, the constraint (131b becomes 

^(-l)"$;a,...a„7r“i---^“” =0, (32) 

n—1 

where 

$ =e^i...e*^"_=_=_= V •■•V 

ai a„ 

(33) 

Note is Symmetric since the 5-dimensional bulk is 

essentially flat. 

By definition, 

Va$ = (34) 

and a further derivative yields 

(j^a’^bP j (35) 

with shorthands 

p=£n\nN, aa = -DahiN. (36) 

In the above. Da is the tangent covariant derivative (compati¬ 
ble with hab in (l24b ). Kab = D^Ua is the extrinsic curvature. 
The third derivative is decomposed to b(0ll2l[Il 

VaVbVc$ = ^(naTlbUcOJ + 2nan(^tK) 



+naChc + Aq 

.'blb'^c ‘^Ca{b‘^c) Xab(^ 

, (37) 

UJ 

— P £"n,P ^daOj , 

(38) 

\a 

— £ji(la ^PO^a 


(39) 

Cab 

— pKfily “h ‘ZKq^q! , 

(40) 

Cab 

= daah + Dadh 

- pKab - K^aKvb, 

(41) 

\abc 

= daKi)Q ‘2 Kq 

,{b^c) a^^bci 

(42) 


Here 03 and j38t - j42t are slightly different from those in sua since 
now the normal to the hypersurface is spacelike. 


where p and Oa are defined in (l36l l. The full decomposition of 
VaVbVcVdfl’ is rather involved and we prefer not to present 
it in this note. For our purpose to solve tt^ up to the fourth 
order in tt^, only the purely tangent part of Vq VbVcVdfl* is 
needed, which reads 

VaVbVcVdfl> D ^Xabcd, (43) 

with iIjtI] 

Xabcd — £^abCcd£ ac^bd£ ^ ad^bc~\~^aXbcd£ aXbcd^ (44) 

where Cah etc are defined in (l40b- (l43 l. 

Supposing that tt^ can be solved in terms of tt^ perturba- 
tively as 

n—1 

where ~ ©((tt^)"). Plugging (l34l i. (l35l l and (O into 
(l33 l and using the definition for tt-*- and tt^, after some ma¬ 
nipulations we have 

+0 {{TTp)^) . (46) 

(l46b explicitly depends on the extrinsic curvature Kp^, and its 
derivatives. While from the 4-dimensional point of view, the 
fiducial metric should not “know” anything about the embed¬ 
ding. As we shall see in the next section, in the final expres¬ 
sions for the Stiickelbergized fiducial metric (fTTT i. all the 
dependence on the extrinsic curvature gets suppressed after 
using the Gauss relation and a simple held redefinition. 

IV. COVARIANT EXPANSION OF THE FIDUCIAL 
METRIC 

We are now ready to expand the “Stiickelbergized” fiducial 
metric given by 

Uu = (47) 

with [)ab given in ( fT3t . in terms of tt^ as well as 4-dimensional 
curvature quantities. Expanding around the unitary gauge by 
plugging (l25l) into (fOl l. we get 

ffiu = Uu-‘2VMNd(^pX^d^-)TT^ + r]MNdpTT^di,Tr^, (48) 

which is exact. Note in deriving (ESl, we used 
VMNdpX^= fpjy. Our purpose is to rewrite (l48l) 
in a covariant manner in terms of 4 dimensional quantities. 
For the second term in ( l48b . it is easy to show that (see 

dAS) 

rjMNdpX^d^n^ = effe^ Onttm 
= V^TT^ + 


( 49 ) 
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where is defined in (l29l l. For the last term in (l48T l. first we 
have 

rjMNd^R^ 

= dn'T^rndN'T^N 

= Sm'TTm) (e^ On'T^n) 

+^py(^efe^dM'T^M){eye^ On'T^n) 

{e^ef dM'T^M) (e^ efdN'TTN) 
+fi^^(e^e^'9M'7rM)(e"e^ On'T^n), (50) 

where etc are the components of the matrix inverse of ijab 
in ( I 2 OI 1 . While using (l22T i. we have 

M M' a 
Cy Om'TTm 

= Nn^e^' dM'T^M + N^efeff' dn'T^M 
= N - if^TTp) + (Vp^p + ifppTT^) , (51) 

where in the last step we used (IA4F Plugging (l49l l and ( fSTT i 
into (|50] |, simple manipulation yields 

VMNdf,Tr^d„Tr^ 

= 9^'' + Ki^crTT^) 

+ (VpTT^ - KPrp) {y.R^ - Ky,) , (52) 

where the dependence on N and exactly gets cancelled. 
Putting all the above together, finally we write 

ffj.v — Ip-v 2V(p7r[^) ‘IKy^n'K 

+ (VpTTp + Ky.pR^) {V^rP + KPr-^) 

+ (VpTT^ - RP^Rp) {V,R^ - K^r.) . (53) 

(I 53 I 1 is the one of the main results in this work. Keep in mind 
that R^ is a function of r^ given in (l46l) . 

Now our task is to plug the expression for 7r-*~ in terms of 
rP ( l46l l into ( l53l l in order to derive “covariant” expansion for 
fpi, in terms of rP and 4-dimensional geometric quantities. 
We may write 

fp. - /p. = E (54) 

n—1 

where ~ O {(Rp)^) and superscript “Ebd” stands for 

“embedding”. After some manipulations, we have, at the lin¬ 
ear order, 

^(i)Ebd ^ _2V(p^,), (55) 

I 


and at the quadratic order, 

ji 2 )Ehd ^ VpTTpV,^^ - {Kp,Kp, - KppK,,) RpR^ 

= Vp7rpVj.7r^ - RppuaT^^T^'^, (56) 

where in the last step we used the Gauss relation 

RpuRpa R- ppRua — Rpaypi (57) 

since the 5 dimensional bulk is flat. Note fpj in (l55l l and 

in (l56l l exactly coincides with the results got in the 
RNC approach in (|7]i and in ® respectively. 

At the cubic order, 

{Kp^V^Kpp - 3iF„(pV,)iF^p) 

-7r“^^V(p7r'’ {2K,)^Kpp - . (58) 

At this point, one may be concerned about the presence of 
extrinsic curvature, since the final expressions should depend 
only on intrinsic 4 dimensional quantities. Fortunately, by em¬ 
ploying the Gauss relation (ISTT i many times, it is possible to 
recast (l58T l to be 

- l^ip , (59) 

where is given in (|9]). Please note in deriving ( |59] ). 

we never use = 0, which is the crucial assumption 

in the RNC approach (see SecIH] and for details). The 
second term on the right-hand-side of (l5^ . may be absorbed 
by a field redefinition 

Trp^^p = Trp + + O {(Rp)'^) , (60) 

with 

Af = ^R^RpRpKppK^p. (61) 

This can be seen easily since fp])^^‘^{A^p^) will exactly re¬ 
produce the second term on the right-hand-side of (l5^ . 

Similarly, at the quartic order, first we got the expression 
for depending on the extrinsic curvature 


p(4)Ebd 

J fll/ 


12 


-7T TT TT^TT 


3iCc/3 {Kp^KpxK^ 


KpxK^Kpa) 


+ Kp^'S/aV pKpa — SVpKapV^Kpcr — AK aKpp 

-^r'^R^rPR^pR'^ {K^^^RaKfip - ^^„)Ra/3Rpa “ iRu)a'^<yR Pp) 

+R‘^R^ypRPV,R'^R^pRp,. 


( 62 ) 
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Using the Gauss relation (l57l i again, after some manipulations, 
0 can be recast as 

-2V(^a(^\ (63) 

where is given in (fTOl i. A^^^ is defined in dMl l. and 

{KpJ/t^K^p + 2K^^V„Kpp) . 

(64) 

It is interesting to note that although itself does not 

coincide with their difference can be absorbed by 

the following field redefinition 

TTp ^ a-p. = TTp + A^3) + A^*) + O ((TTp)^) , (65) 

which is also consisitent with dhOl l. That is, we have 

/m “ M = (^p), ( 66 ) 

where Wp is given in (l65T l up to the fourth order. 


V. CONCLUSION 

The problem of covariant formulation for the Stiickelberg 
analysis with a non-flat fiducial metric (or around a g eneral 
background) has been known for some time. In 11^ a co¬ 
variant Stiickelberg expansion was developed based on the 
Riemann normal coordinates. In this note we explore an al¬ 
ternative approach by considering the 4-dimensional curved 
space being a hypersurface embedded in a 5-dimensional 
Minkowski background, in which the Goldstone modes and 
the Stiickelberg expansion can be performed in the standard 
manner. After eliminating one Goldstone modes through the 
constraint ( |26] | and then projecting onto the 4-dimensional hy¬ 
persurface, we are able to expand the Stiickelbergized fiducial 
metric (HB in terms of 4-dimensional Goldstone modes TTp as 
well as 4-dimensional geometric quantities, which are given 
in ( |55] |. (l56] l. (l59b and ( l63t respectively, up to the fourth order 


in TTp. Strikingly, the two approaches (RNC and embedding), 
although quite different from each other, give exactly coincide 
results after a simple field redefinition (l65T l. 

We expect the formalism developed in this note, may shed 
some light on the Stiickelberg analysis as well as the decou¬ 
pling limit of the massive gravity on a general background. 
There are some questions left to be answered. First it is impor¬ 
tant to find a geometric meaning for the field redefinition (l65l l. 
which implies that the correct “covariant” Goldstone modes 
from the 4-dimensional point of view are actually nonlinear 
functions TTp (instead of TTp themselves). Moreover, as being 
emphasized before, higher codimensions may be needed in 
order to embed a general curved space into a flat background. 
It is thus interesting to generalize the formalism in this note to 
such a case. 
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Appendix A: Projection of VaAi, 

Let us consider a codimension-one hypersurface in an ar¬ 
bitrary background with metric gab- The normal vector Ua is 
normalized as 'nan“ = -fl, which is spacelike. The induced 
metric on the hypersurface is hab = Qab — nanb- For an arbi¬ 
trary vector held Aa, we may write 

Aa = naA-^+Al, (Al) 

with 

Al=hlAa'. (A2) 

It is easy to show that 

K ht Va' Ab, = Da A + KabA^ , (A3) 

hin^'Va'Ab, = DaA^ - kIj^I (A4) 

where Da is the covariant derivative compatible with hab, 
Kab = DaUb is the extrinsic curvature. 
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